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The deformation of a nonrotating body resulting from the application of a tidal field is measured
by two sets of Love numbers associated with the gravitoelectric and gravitomagnetic pieces of the
tidal field, respectively. The gravitomagnetic Love numbers were previously computed for fluid
bodies, under the assumption that the fluid is in a strict hydrostatic equilibrium that requires the
complete absence of internal motions. A more realistic configuration, however, is an irrotational state
that establishes, in the course of time, internal motions driven by the gravitomagnetic interaction.
We recompute the gravitomagnetic Love numbers for this irrotational state, and show that they
are dramatically different from those associated with the strict hydrostatic equilibrium: While the
Love numbers are positive in the case of strict hydrostatic equilibrium, they are negative in the
irrotational state. Our computations are carried out in the context of perturbation theory in full
general relativity, and in a post-Newtonian approximation that reproduces the behavior of the Love
numbers when the body’s compactness is small.
I. INTRODUCTION AND SUMMARY
A body subjected to an applied tidal field suffers a deformation that depends on the details of its internal structure.
When the body is nonrotating, these details are encapsulated in a set of gravitational Love numbers Kel` and K
mag
` ,
and a measurement of the tidal properties of a body can reveal, through the Love numbers, important information
regarding this internal structure. This observation has motivated the development of a relativistic theory of tidal
deformation and dynamics, in the context of the measurement of tidal effects in gravitational waves emitted by
neutron-star binaries [1–14] and during the capture of solar-mass compact bodies by supermassive black holes [15–20].
Tidal invariants have been incorporated in point-particle actions to account for the tidal response of an extended
body [21–25].
While the response of a self-gravitating body to an applied gravitoelectric tidal field is familiar from Newtonian
theory (see, for example, Sec. 2.5 of Ref. [26] for a thorough treatment), its response to a gravitomagnetic tidal field
is a relativistic effect that has no analogue in Newtonian gravity. This effect was first explored by Favata [27] in the
context of post-Newtonian theory, and subsequently by Damour and Nagar [28] and Binnington and Poisson [29] in
full general relativity. We examine it further in this work, and inspired by Favata, we lift an important restriction on
the types of fluid configurations that were allowed in the earlier, fully relativistic work.
The gravitomagnetic Love numbers Kmag` of a fluid body were computed by Damour and Nagar and Binnington
and Poisson under the assumption that the tidal interaction is sufficiently slow that it never takes the body out of
hydrostatic equilibrium. This is a good approximation for many circumstances; for example, it is expected to hold for
most of the orbital evolution of a compact binary system, up to the point where merger is about to take place. But the
hydrostatic equilibrium considered in the earlier work is a strict one that forbids the existence of fluid motions within
the body; the compact body is assumed to be strictly static, except for the parametric time dependence communicated
by the slowly changing state of the tidal environment.
Our main purpose in this paper is to point out that the strict hydrostatic equilibrium is too severe a restriction
on the body’s internal physics. We follow instead Shapiro [30] and Favata [27], and take the fluid to be in an
irrotational state that permits internal motions driven by the gravitomagnetic interaction with the tidal environment.
We recalculate the Love numbers Kmag` for this configuration, and show that they are dramatically different from
those associated with the strict hydrostatic equilibrium: While the Love numbers are positive in the case of strict
hydrostatic equilibrium, they are negative in the irrotational state.
In our work the tidal field is still taken to vary slowly, and the fluid is still taken to be in an approximate hydrostatic
equilibrium, in the sense that the fluid’s physical variables, such as density, pressure, and velocity field, carry only
a parametric dependence upon time that reflects the slow evolution of the tidal environment. But internal motions
are now allowed. As Shapiro and Favata have shown, these internal motions are a consequence of the conservation
of relativistic circulation within the fluid, and are established whenever the tidal field exhibits a time dependence,
however slow it may happen to be. On the other hand, the strict hydrostatic equilibrium adopted in the earlier
work requires the tidal environment to be strictly stationary; it is a far less realistic description of the fluid. Our
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2considerations in this paper are limited to the gravitomagnetic interaction; as we shall show, the switch from strict
hydrostatic equilibrium to the irrotational state has no impact on the body’s gravitoelectric response.
We begin our developments in Sec. II with a description of the unperturbed state of an isolated, self-gravitating
body consisting of a perfect fluid; we take the unperturbed configuration to be static and spherically symmetric. In
Sec. III we introduce a perturbation and examine the relativistic Euler equation that governs the perturbed state
of the fluid. We continue the discussion in Sec. IV by working out the consequences of the relativistic circulation
theorem for our perturbed configuration; we show that the irrotational state comes with internal motions that are
forbidden in the strict hydrostatic equilibrium.
In Sec. V we specialize the perturbation to a gravitomagnetic tidal field, and we calculate the body’s response to
this field when the fluid configuration is in the irrotational state. The tidal environment is generic and characterized
by an `-pole gravitomagnetic moment Bk1k2···k`(t) that is assumed to vary slowly with time. This Cartesian tensor is
symmetric and tracefree (STF), and in a quasi-Lorentzian frame (t, xj) it appears in the time-space components of
the metric tensor,
gtj =
2
3(`− 1)jpqB
q
k2k3···k`x
pxk2xk3 · · ·xk`
[
1 + · · · − 2`+ 1
`
Kmag`
(
2M
r
)2`+1
(1 + · · · )
]
. (1.1)
Here, jpq is the completely antisymmetric permutation symbol, K
mag
` is the gravitomagnetic Love number of degree
` ≥ 2, M is the body’s gravitational mass, r2 := δjkxjxk, and dots indicate relativistic corrections of order 2M/r and
higher; we work in relativistic units with c = G = 1. This expression for gtj applies to a domain R < r < rout  b
bounded internally by the body’s radius R and externally by an outer radius rout required to be much smaller than b,
the distance to the external matter responsible for the tidal field. The first term in gtj , which grows as r
`, represents
the external tidal field, and the second term, which decays as r−`−1, represents the body’s response to the applied
tidal field, quantified by Kmag` . The tidal moments Bk1k2···k`(t) can be thought of as a collection of functions of time
that cannot be determined by the Einstein field equations restricted to the domain R < r < rout; or they can be
viewed as components of the Riemann tensor differentiated `− 2 times and evaluated in the regime r M ,
Bk1k2···k` =
3
2(`+ 1)(`− 2)!!
(
k1pqR
pq
k20;k3···k`
)STF
, (1.2)
in which the STF label instructs us to symmetrize the k1k2 · · · k` indices and remove all traces. This notation, and
our expression for the external piece of g0j , is imported from Zhang’s pioneering work [31]. For a generic tidal
environment the dominant moment is Bjk, and the most relevant Love number is Kmag2 , but a formulation of the
body’s tidal response can be provided for any multipole order.
The gravitomagnetic Love numbers Kmag` depend on the details of the body’s internal structure, as determined by
its equation of state, which we take to be of the zero-temperature form p = p(ρ),  = (ρ), where ρ is the rest-mass
density, p the pressure, and  the density of internal energy. For concreteness we adopt a simple polytropic model
p = Kρ1+1/n,  = np, where K and n are constants. A sample of our computations is displayed in Fig. 1, which plots
k˜mag` :=
(
2M
R
)2`
Kmag` (1.3)
as a function of 2M/R for ` = 2 and selected values of the polytropic index n. We observe that the tidal response
of an irrotational fluid is dramatically different from the response of a fluid in strict hydrostatic equilibrium: the
gravitomagnetic Love numbers of an irrotational body are negative, while they are positive for a body in strict
hydrostatic equilibrium. Both sets of Love numbers, however, share the properties that they decrease (in absolute
value) with increasing 2M/R and with increasing n; because increasing n decreases p for a given ρ, and therefore
produces a body that is more centrally dense, both properties are associated with the fact that a more compact body
develops smaller multipole moments.
In Sec. VI we exploit the methods of post-Newtonian theory to calculate k˜mag` in the limit 2M/R → 0, for any
equation of state. We obtain the simple expression
k˜mag` → −
2
[
(2λ− 1)`− 1]
(`+ 1)(2`+ 1)
pi
MR2`
∫ R
0
ρr2`+2 dr, (1.4)
which can be evaluated explicitly once the equation of state is specified. The parameter λ tracks the internal motions
associated with the fluid’s irrotational state; setting λ = 1 places the body in the irrotational state and gives rise
to a negative k˜mag` for any ` and any equation of state, while setting λ = 0 places the body in a strict hydrostatic
equilibrium and gives rise to a positive gravitomagnetic Love number. The post-Newtonian values appear as circled
data points in Fig. 1, and we see that they accurately reproduce the 2M/R→ 0 limit of the relativistic curves.
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FIG. 1. Rescaled gravitomagnetic Love number k˜mag` for ` = 2. The Love numbers are computed for selected polytropes with
polytropic index n, and plotted as a function of 2M/R, up to (and slightly beyond when n > 1) the maximum value for the
given equation of state. The positive values correspond to the strict hydrostatic equilibrium. The negative values correspond
to the irrotational state. The circled data points at 2M/R = 0 are the post-Newtonian values displayed in Eq. (1.4).
We conclude this introduction with a restatement of our main message. A nonrotating body in a tidal interaction
with remote matter is expected to be in an irrotational state for which internal motions get established over time.
These internal motions have a dramatic influence on the body’s gravitomagnetic Love numbers: while they are positive
in the strict hydrostatic equilibria examined in previous works, they are negative in the irrotational state. This effect
is captured by the post-Newtonian expression of Eq. (1.4), which is valid in the limit 2M/R→ 0 for any equation of
state.
II. UNPERTURBED CONFIGURATION
The unperturbed body is taken to be static and spherically symmetric, and to consist of a perfect fluid with rest-
mass density ρ, pressure p, density of internal energy , and density of total energy µ = ρ + . The background
spacetime has a metric given by
ds2 = −e2ψ dt2 + f−1 dr2 + r2 dΩ2 (2.1)
with f := 1− 2m/r, in which ψ and m depend on the radial coordinate r, and dΩ2 := dθ2 + sin2 θ dφ2. The metric is
a solution to the Einstein field equations with energy-momentum tensor
Tαβ = (µ+ p)uαuβ + pgαβ , (2.2)
in which uα is the fluid’s velocity field, with only nonvanishing component ut = e−ψ. The metric functions are
determined by
m′ = 4pir2µ, ψ′ =
m+ 4pir3p
r2f
, (2.3)
4in which a prime indicates differentiation with respect to r. In the vacuum exterior the field equations produce
the Schwarzschild solution m = M = constant and e2ψ = 1 − 2M/r. The body’s surface is situated at r = R, as
determined by the condition p(R) = 0.
The conservation equation ∇βTαβ = 0 gives rise to the relativistic Euler equation,
(µ+ p)aα +
(
δ βα + uαu
β
)∇βp = 0, (2.4)
where aα := uβ∇βuα is the covariant acceleration, and the first law of thermodynamics,
uα∇αµ+ (µ+ p)∇αuα = 0. (2.5)
For the unperturbed configuration the only nonvanishing component of the acceleration vector is ar = ψ
′, and Eq. (2.4)
reduces to
p′ = −(µ+ p)ψ′ = − (µ+ p)(m+ 4pir
3p)
r2f
, (2.6)
the Tolman-Oppenheimer-Volkov equation.
III. PERTURBED CONFIGURATION
We next allow the fluid configuration to be perturbed by a time-dependent, external tidal field. The metric becomes
gαβ+pαβ , and the fluid quantities are shifted to µ+δµ, p+δp, u
α+δuα, uα+δuα, and aα+δaα. We work consistently
to first order in the perturbation, and note that δuα = gαβδu
β + pαβu
β .
Normalization of the perturbed velocity vector in the perturbed metric implies that uαδu
α = − 12pαβuαuβ , or
δut = 12e
−3ψptt. The remaining components are denoted δur := vr and δuA := vA, with θA = (θ, φ). We let
vα := gαβv
β and find that the components of δuα are given by
δut =
1
2
e−ψptt, δur = vr + e−ψptr, δuA = vA + e−ψptA. (3.1)
A straightforward computation further reveals that
δat = −eψψ′vr, (3.2a)
δar = e
−ψ∂t
(
vr + e
−ψptr
)− 1
2
∂r
(
e−2ψptt
)
, (3.2b)
δaA = e
−ψ∂t
(
vA + e
−ψptA
)− 1
2
∂A
(
e−2ψptt
)
. (3.2c)
The perturbed configuration is governed by Euler’s equation, which becomes
(µ+ p)δaα + (δµ+ δp)aα +
(
δ βα + uαu
β
)∇βδp+ (uαδuβ + uβδuα)∇βp = 0 (3.3)
after the perturbation. With the information provided above, we find that the radial component reads
e−ψ(µ+ p)∂t
(
vr + e
−ψptr
)− 1
2
(µ+ p)∂r
(
e−2ψptt
)
+ (δµ+ δp)ψ′ + ∂rδp = 0, (3.4)
while the angular components take the form of
e−ψ(µ+ p)∂t
(
vA + e
−ψptA
)
+ ∂A
[
−1
2
(µ+ p)e−2ψptt + δp
]
= 0. (3.5)
The time component of Euler’s equation returns a trivial 0 = 0.
IV. IRROTATIONAL CONFIGURATION
The circulation of a relativistic fluid around a closed curve c is defined by
C(c) :=
∮
c
huα dx
α, (4.1)
5where h is the specific enthalpy defined by d lnh := (µ + p)−1 dp, and dxα is the coordinate increment along c. It is
known that C is the same for any circuit c that surrounds a given fluid world tube. (The world tube can be thought
of as a bundle of streamlines, defined as the world lines of fluid elements.) Thus, if c1 surrounds the world tube at
a time t = t1, and if c2 surrounds the same world tube at a time t = t2, then C(c2) = C(c1) and the circulation is
conserved. A proof of the circulation theorem can be found in Synge’s 1937 review of relativistic hydrodynamics [32].
Because uα dx
α = 0 for the unperturbed configuration, we have that the unperturbed fluid is irrotational: C(c) = 0
for any purely spatial circuit c. The circulation of the perturbed configuration is then
C(c) =
∮
c
(
δhuα + hδuα
)
dxα =
∮
c
hδuα dx
α. (4.2)
We assume that the fluid begins in an unperturbed state, so that the perturbation vanishes at some initial time
t = t0. This implies that C(c0) = 0 for any circuit c0 tangent to the hypersurface t = t0. Conservation of circulation
then guarantees that the perturbed fluid is irrotational at all times: C(ct) = 0 for any circuit ct tangent to any
hypersurface t = constant > t0. And because the integral of hδuα dx
α must vanish for any circuit ct, we conclude
that an irrotational fluid configuration must satisfy
δur = 0 = δuA (4.3)
at all times. Importing Eq. (3.1), we have that
vr + e
−ψptr = 0, vA + e−ψptA = 0 (4.4)
for an irrotational configuration.
We next insert the second of Eqs. (4.4) within Eq. (3.5). The equation integrates to
δp =
1
2
(µ+ p)e−2ψptt, (4.5)
and this can be substituted back into Eq. (3.4), along with the first of Eqs. (4.4). This yields
ψ′δµ = −1
2
e−2ψµ′ptt. (4.6)
With the help of Eq. (2.6) these expressions become
δµ = −rµ′F, δp = −rp′F, F := ptt
2re2ψψ′
. (4.7)
These equations imply that a spherical surface of constant µ or p at radius r in the unperturbed configuration
is deformed by the perturbation to a nonspherical surface at r(1 + F ). Equations (4.7) are a consequence of the
perturbed Euler equation and the conservation of circulation for an irrotational fluid. They allow the perturbation
pαβ to be time-dependent, but they are identical in form to the equations of hydrostatic equilibrium derived, for
example, by Landry and Poisson [33].
We are interested in the deformation of a fluid body placed in a tidal environment, and we shall henceforth assume
that the tidal field varies slowly with time. In this context, the state of the fluid is at all times an approximate
hydrostatic equilibrium described by Eqs. (4.7), in which all quantities vary slowly with time. The fluid, however,
is not taken to be in a strict hydrostatic equilibrium, which would imply the complete absence of internal motions.
Instead, the fluid is assumed to be in an irrotational state, which implies the existence of a velocity field described by
Eq. (4.4). The internal motions are established even when the time dependence of the tidal field is arbitrarily slow.
By contrast, the strict hydrostatic equilibrium previously studied by Damour and Nagar [28] and Binnington and
Poisson [29] can only be established when the tidal field is strictly time-independent. As such, it represents a much
less realistic configuration for the perturbed fluid.
V. GRAVITOMAGNETIC LOVE NUMBERS OF AN IRROTATIONAL COMPACT BODY
In this section we determine the impact of the internal motions described by Eq. (4.4) on the body’s response to an
applied tidal field, as measured by the gravitomagnetic Love numbers Kmag` ; we shall show that they have no impact
on the body’s gravitoelectric response. We assume that the tidal environment varies slowly with time, and neglect all
time derivatives in the equations that determine the metric perturbation pαβ . But while the slow time dependence
6is assumed not to have an impact on the field equations, it is crucial in the establishment of the internal motions, as
was explained in the preceding section.
To proceed we introduce a decomposition of pαβ into tensorial spherical harmonics. Denoting x
a := (t, r) and
θA = (θ, φ), we have
pab =
∑
`m
h`mab Y
`m, (5.1a)
paB =
∑
`m
j`ma Y
`m
A +
∑
`m
h`ma X
`m
A , (5.1b)
pAB = r
2
∑
`m
(
K`mΩABY
`m +G`mY `mAB
)
+
∑
`m
h`m2 X
`m
AB , (5.1c)
in which h`mab , j
`m
a , h
`m
a , K
`m, G`m, and h`m2 depend on x
a only, and
Y `mA := DAY
`m, (5.2a)
Y `mAB :=
[
DADB +
1
2
`(`+ 1)ΩAB
]
Y `m, (5.2b)
X`mA := −ε BA DBY `m, (5.2c)
X`mAB :=
1
2
(
DAX
`m
B +DBX
`m
A
)
(5.2d)
are the vectorial and tensorial harmonics constructed from the standard spherical harmonics Y `m(θA); ΩAB :=
diag(1, sin2 θ) is the metric on a unit two-sphere, DA is the covariant derivative operator compatible with this metric,
εAB is the Levi-Civita tensor on the unit two-sphere, with components εθφ = −εφθ = sin θ, and upper-case Latin
indices are raised with ΩAB , the matrix inverse to ΩAB . The terms involving Y
`m, Y `mA , and Y
`m
AB in Eq. (5.1) constitute
the even-parity sector of the perturbation, and the terms involving X`mA and X
`m
AB constitute the odd-parity sector.
The body’s response to the applied tidal field is measured by the Love numbers Kel` and K
mag
` introduced by
Binnington and Poisson [29]. Because these are gauge-invariant in the usual sense of perturbation theory, we may
calculate them in any gauge, and for this purpose it is convenient to adopt the Regge-Wheeler gauge, for which j`ma ,
G`m, and h`m2 are all set equal to zero. The field equations further imply that h
`m
tr = h
`m
r = 0, and we find that
Eqs. (4.4) become
vr = 0, vA = −λe−ψptA = −λe−ψ
∑
`m
h`mt X
`m
A (5.3)
in Regge-Wheeler gauge. This implies that the internal motions associated with the irrotational state affect only the
odd-parity sector of the perturbation. This, in turn, implies that the body’s gravitoelectric response to the tidal field
is unaffected by the internal motions, but that there is an impact on the gravitomagnetic response. In other words,
the internal motions do influence the gravitomagnetic Love numbers Kmag` , but they leave the gravitoelectric Love
numbers Kel` unchanged with respect to a strict hydrostatic equilibrium. We have inserted a factor λ ≡ 1 in Eq. (5.3)
to track the impact of the internal motions on the computation of Kmag` ; setting λ = 0 would place the fluid in a
strict hydrostatic equilibrium.
The computation of the gravitomagnetic Love numbers proceeds as detailed in Ref. [29] and streamlined in Ref. [33].
The only change concerns the additional contribution to δTαβ , the perturbation of the fluid’s energy-momentum tensor,
created by the internal motions described by Eq. (5.3). Focusing on the odd-parity sector, writing
δTαβ = (µ+ p)(uαδuβ + uβδuα) + ppαβ , (5.4)
and making use of Eqs. (3.1) and (5.3), we find that the only relevant component is
δTtA =
[
(λ− 1)µ+ λp]∑
`m
h`mt X
`m
A . (5.5)
With this, the Einstein field equations linearized about the unperturbed solution of Sec. II imply that the perturbation
fields h`mt (r) are determined by
r2
d2h`mt
dr2
− Prdh
`m
t
dr
−Qh`mt = 0, (5.6)
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FIG. 2. Rescaled gravitomagnetic Love number k˜mag` for ` = 3. The Love numbers are computed for selected polytropes with
polytropic index n, and plotted as a function of 2M/R, up to (and slightly beyond when n > 1) the maximum value for the
given equation of state. The positive values correspond to λ = 0, the strict hydrostatic equilibrium. The negative values
correspond to λ = 1, the irrotational state. The circled data points at 2M/R = 0 are the post-Newtonian values obtained in
Sec. VI.
where
P := 4pir2f−1(µ+ p), (5.7a)
Q := f−1
[
`(`+ 1)− 4m/r − (2λ− 1)8pir2(µ+ p)]. (5.7b)
We observe that the switch from strict hydrostatic equilibrium to an irrotational state changes the sign of the 8pir2(µ+
p) term in Q.
Equation (5.6) is to be integrated outward from r = 0, near which the solution behaves as h`mt ∝ r`+1. The internal
solution is matched at r = R to the external solution provided by Binnington and Poisson [29],
h`mt =
2
3(`− 1)`r
`+1
[
A4 − 2`+ 1
`
Kmag` (2M/r)
2`+1B4
]
B`m, (5.8)
where
A4 := F (−`+ 1,−`− 2;−2`; 2M/r), (5.9a)
B4 := F (`− 1, `+ 2; 2`+ 2; 2M/r) (5.9b)
with F (a, b; c;x) denoting the hypergeometric function, and B`m is the spherical-harmonic packaging of the tidal
moments Bj1j2···j` introduced in Eq. (1.1), defined by
Bj1j2···j`Ωj1Ωj2 · · ·Ωj` =
∑`
`=−m
B`mY `m, (5.10)
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FIG. 3. Rescaled gravitomagnetic Love number k˜mag` for ` = 4. The caption of Fig. 1 provides additional details.
in which Ωj := [sin θ cosφ, sin θ sinφ, cos θ].
A practical formulation of this procedure was provided by Landry and Poisson [33]. It involves introducing the
logarithmic derivative κ` := d lnh
`m
t /d ln r, which satisfies the nonlinear differential equation
r
dκ`
dr
+ κ`(κ` − 1)− Pκ` −Q = 0. (5.11)
This equation is integrated from r = 0, at which κ` = `+ 1, to r = R, at which κ` = κ
s
`. The matching condition at
r = R produces
Kmag` =
(
R
2M
)2`
k˜mag` (5.12)
with
k˜mag` =
`
2(`+ 1)
R
2M
RA′4 − (κs` − `− 1)A4
RB′4 − (κs` + `)B4
, (5.13)
in which a prime indicates differentiation with respect to r. The overall scaling of Kmag` with (R/2M)
2` differs
from the convention adopted in Damour and Nagar [28] and Binnington and Poisson [29], who introduced instead a
scalefree Love number kmag` via the relation K
mag
` = (R/2M)
2`+1kmag` . The missing factor of R/2M was incorporated
in Eq. (5.13), and it ensures that k˜mag` tends to a nonzero value in the limit 2M/R → 0; this is unlike kmag` , which
goes to zero in the limit.
In Figs. 1–4 we present sample calculations of the rescaled gravitomagnetic Love numbers k˜mag` for a polytropic
equation of state p = Kρ1+1/n,  = np, where K and n are constants. The details of integrating Eq. (5.11) for this
specific case are presented in Appendix A. We see from the figures that the tidal response of an irrotational body
is dramatically different from the response of a body in strict hydrostatic equilibrium: the gravitomagnetic Love
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FIG. 4. Rescaled gravitomagnetic Love number k˜mag` for ` = 5. The caption of Fig. 1 provides additional details.
numbers of an irrotational body are negative, while they are positive for a body in strict hydrostatic equilibrium. The
change of sign can be seen to originate from the 8pir2(µ + p) term in Q. Both sets of Love numbers, however, share
the properties that they decrease (in absolute value) with increasing 2M/R and with increasing polytropic index n;
because increasing n decreases p for a given ρ, and therefore produces a body that is more centrally dense, both
properties are associated with the fact that a more compact body develops smaller multipole moments.
VI. POST-NEWTONIAN CALCULATION OF THE GRAVITOMAGNETIC LOVE NUMBERS
In this section we exploit the methods of post-Newtonian theory to calculate the gravitomagnetic response of a
weakly self-gravitating body to an applied tidal field. Our calculation returns an expression for Kmag` that reproduces
the leading-order behavior of the relativistic function when the body’s compactness 2GM/(c2R) is small. In this
section we restore powers of G and c, which were set equal to unity in the preceding sections.
The post-Newtonian metric is expressed in harmonic coordinates (ct, xj) as
g00 = −1 + 2
c2
U +O(c−4), g0j = − 4
c3
Uj +O(c
−7), gjk = δjk
(
1 +
2
c2
U
)
+O(c−4), (6.1)
and it involves a vector potential Uj in addition to the familiar Newtonian potential U , which satisfies the Poisson
equation ∇2U = −4piGρ. The post-Newtonian terms of order c−4 in g00 are not required in our developments, and
the second post-Newtonian terms of order c−5 in g0j are absorbed into Uj .
As was described in Sec. I, the tidal environment is taken to be a pure gravitomagnetic `-pole field characterized by
the symmetric-tracefree (STF) tensor Bk1k2···k`(t), which is assumed to vary slowly with time, so that we may neglect
time derivatives in the field equations. The tidal field is described by the vector potential
U tidalj = −
1
6(`− 1)r
`jpqΩ
pBqk2k3···k`Ωk2Ωk3 · · ·Ωk` , (6.2)
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where jpq is the completely antisymmetric permutation symbol, r
2 := δjkx
jxk, and Ωj := xj/r. The STF nature of
the tidal moment Bk1k2···k`(t) ensures that the vector potential satisfies Laplace’s equation ∇2U tidalj = 0 as well as the
harmonic gauge condition ∂jU tidalj = 0. It also implies that the vector potential can be expressed in the alternative
form
U tidalj = −
1
6(`− 1)r
`jpqBqk2k3···k`Ω〈pk2k3···k`〉, (6.3)
in which Ωk1k2···k` := Ωk1Ωk2 · · ·Ωk` and the angular brackets indicate the operation of trace-removal. It is easy to
show that a transformation to spherical polar coordinates (r, θA) brings the metric to the form displayed in Eq. (5.8),
in which we set A4 = 1 + O(c
−2) to respect the post-Newtonian approximation, and B4 = 0 because the body’s
response has not yet been incorporated within the vector potential.
The body’s response to the applied tidal field is governed by the post-Newtonian Euler equation and the field
equation satisfied by the vector potential. The relevant aspects can be collected from the textbook by Poisson and
Will [26]. From their Eq. (7.15b), in which we neglect the time derivatives, and their Eq. (7.23b) we obtain
Uj = U
tidal
j +G
∫
M
sj(x
′)
|x− x′| d
3x′ (6.4)
in which the domain of integration M is truncated to r′ < R, where R is a cutoff radius to be specified below.
The body’s response is captured by the Poisson integral, and the integrand involves the effective current density
sj := c−1τ0j which incorporates both a matter and field contribution. An expression for this is displayed in Exercise
8.4 of Poisson and Will; we have
sj = ρvj
[
1 +O(c−2)
]
+
1
piGc2
(
∂jUk − ∂kU j)∂kU +O(c−4), (6.5)
in which we neglect a term involving ∂tU in the field contribution to the mass current, as well as the O(c
−2) terms
multiplying ρvj because, as we shall see presently, the velocity field is itself of order c−2. Our expression for Uj should
be multiplied by the factor (1 − 2U/c2) arising from Eq. (7.23b) of Poisson and Will. This factor can be neglected
when it multiplies the Poisson integral, but it produces a relativistic correction to U tidalj . We shall not be interested
in such corrections, and choose to drop the factor all together.
The velocity field is determined by the irrotational condition that we wish to place on the fluid. Writing uα = γ(c, vj)
for the four-velocity, in which γ is a normalization factor, a short computation reveals that the circulation of a post-
Newtonian fluid around any spatial circuit c is given by
C(c) =
∮
c
γh
[(
1 +
2
c2
U
)
vj − 4
c2
Uj +O(c
−4)
]
dxj . (6.6)
An irrotational state therefore requires
vj =
4
c2
Uj +O(c
−4). (6.7)
This expression agrees with results previously obtained by Shapiro [30] and Favata [27].
The calculation of the body’s response proceeds by inserting Eq. (6.7) within Eq. (6.5), and replacing Uj by
U tidalj +O(c
−2) in this expression. We find that the velocity contribution to the mass current is given by
s1j = −
2λ
3(`− 1)c2 ρr
`jpqBqk2k3···k`Ω〈pk2k3···k`〉, (6.8)
and that the field contribution is
s2j = −
`+ 1
6pi(`− 1)c2mr
`−3jpqBqk2k3···k`Ω〈pk2k3···k`〉. (6.9)
To arrive at the last expression we recalled the fact that for a spherical body, ∂kU = −(Gm/r2)Ωk, in which m(r) is
the mass inside a sphere of radius r. We also inserted a factor of λ ≡ 1 in Eq. (6.8) to again track the influence of
the internal motions on the body’s gravitomagnetic response.
The next step is to evaluate the Poisson integral in Eq. (6.4). The calculation requires the addition theorem for
spherical harmonics,
1
|x− x′| =
∑
`m
4pi
2`+ 1
r`<
r`+1>
Y ∗`m(θ
′, φ′)Y`m(θ, φ), (6.10)
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in which r< = min(r, r
′) and r> = max(r, r′), and the identity displayed in Eq. (1.171) of Poisson and Will,∑
m
Y`m(θ, φ)
∫
Y ∗`m(θ
′, φ′)Ω′〈k1k2···k`′ 〉 dΩ′ = δ``′Ω〈k1k2···k`〉. (6.11)
Evaluation of the Poisson integral for s1j is straightforward, and when r > R we obtain
U1j = −
1
6(`− 1)r
`jpqΩ
pBqk2k3···k`Ωk2Ωk3 · · ·Ωk`
[
16λ
2`+ 1
β`
GM
c2
R2`
r2`+1
]
, (6.12)
in which
β` :=
pi
MR2`
∫ R
0
ρr2`+2 dr (6.13)
is a dimensionless moment of the mass density. In this case the domain of integration is naturally limited to the
volume occupied by the body, and the cutoff radius R is irrelevant. It does, however, play a role in the Poisson
integral for s2j , which features the radial integral
J :=
∫ R
0
m(r′)r′`−1
r`<
r`+1>
dr′. (6.14)
To evaluate this for r > R we break up the integration domain into a first segment 0 < r′ < R in which r< = r′,
r> = r, and m(r
′) is unspecified, a second segment R < r′ < r in which r< = r′, r> = r, and m(r′) = M , and a third
segment r < r′ < R in which r< = r, r> = r′, and m(r′) = M . We obtain
J =
1
r`+1
[∫ R
0
m(r)r2`−1 dr − 1
2`
MR2`
]
+
2`+ 1
2`
Mr`−1 − MR r
`. (6.15)
To simplify this we integrate the first term by parts, making use of the Newtonian field equation dm/dr = 4pir2ρ.
We also discard the term proportional to Mr`−1, because it merely gives rise to an uninteresting correction of order
GM/(c2r) to the tidal potential of Eq. (6.2). The term proportional to Mr`/R can be seen to alter the amplitude
of the tidal potential by a correction of order GM/(c2R), and we eliminate this meaningless shift by setting R =∞.
With all this we find that
J = −2
`
β`
MR2`
r`+1
, (6.16)
and completing the evaluation of the Poisson integral, we arrive at
U2j = −
1
6(`− 1)r
`jpqΩ
pBqk2k3···k`Ωk2Ωk3 · · ·Ωk`
[
− 8(`+ 1)
`(2`+ 1)
β`
GM
c2
R2`
r2`+1
]
. (6.17)
Adding the contributions, we find that the body’s gravitomagnetic response to the applied tidal field is described by
U respj = −
1
6(`− 1)r
`jpqΩ
pBqk2k3···k`Ωk2Ωk3 · · ·Ωk`
[
8[(2λ− 1)`− 1]
`(2`+ 1)
β`
GM
c2
R2`
r2`+1
]
. (6.18)
The complete vector potential is U tidalj +U
resp
j , and comparison with Eq. (1.1) reveals the post-Newtonian expression
for the gravitomagnetic Love numbers. Recalling Eq. (6.13), we find that
Kmag` =
(
R
2GM/c2
)2`
k˜mag` (6.19)
with
k˜mag` := −
2
[
(2λ− 1)`− 1]
(`+ 1)(2`+ 1)
pi
MR2`
∫ R
0
ρr2`+2 dr. (6.20)
We recall that λ keeps track of the internal motions associated with the fluid’s irrotational state. Setting λ = 1 places
the body in the irrotational state, and we observe that negative gravitomagnetic Love numbers must be assigned to
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such a body, irrespective of the multipole order ` ≥ 2 and the equation of state. By contrast, setting λ = 0 places
the body in a strict hydrostatic equilibrium, and such a body necessarily comes with positive gravitomagnetic Love
numbers. These properties were featured in the fully relativistic results displayed in Figs. 1–4, and indeed, we observe
that the post-Newtonian expression of Eq. (6.20) accurately reproduces the relativistic Love numbers in the limit
2GM/(c2R)→ 0.
Our post-Newtonian calculation of the gravitomagnetic Love numbers completes previous attempts carried out by
Favata [27] and Damour and Nagar [28]. In his work (see Sec. III B of his paper), Favata introduces a definition for
the Love numbers that accounts only for the velocity term s1j in the effective mass current; it omits the field term s
2
j ,
and Favata therefore produces only the λ term in Eq. (6.20). On the other hand, the post-Newtonian calculation of
Damour and Nagar (see Sec. VIII of their paper) places the fluid in a strict hydrostatic equilibrium instead of the
irrotational state, and therefore accounts only for the λ-independent term in Eq. (6.20). (It should be noted that
the Damour-Nagar definition for the gravitomagnetic Love numbers includes a multiplicative minus sign compared
to ours; their Love numbers are negative when ours are positive.) Our own calculation brings the two partial stories
together, and generalizes the previous calculations (which were limited to ` = 2) to arbitrary multipole order `.
Equation (6.20) can be evaluated in closed form in a few simple cases. For a constant density body we find that
k˜mag` = −
3
[
(2λ− 1)`− 1]
2(`+ 1)(2`+ 1)(2`+ 3)
. (6.21)
For an n = 1 Newtonian polytrope, for which ρ = M/(4R2r) sin(pir/R), we have that
k˜mag2 = −
(4λ− 3)(pi4 − 20pi2 + 120)
20pi4
' (−0.0068498, 0.020549), (6.22a)
k˜mag3 = −
(3λ− 2)(pi6 − 42pi4 + 840pi2 − 5040)
28pi6
' (−0.0044829, 0.0089658), (6.22b)
k˜mag4 = −
(8λ− 5)(pi8 − 72pi6 + 3024pi4 − 60480pi2 + 362880)
90pi8
' (−0.0028102, 0.0046836), (6.22c)
k˜mag5 = −
(5λ− 3)(pi10 − 110pi8 + 7920pi6 − 332640pi4 + 6652800pi2 − 39916800)
66pi10
' (−0.0018302, 0.0027454). (6.22d)
The numerical values correspond to λ = 1 and λ = 0, respectively.
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Appendix A: Structure and perturbation equations for polytropes
To perform the computations described in Sec. V for the polytropic equation of state p = Kρ1+1/n,  = np we
recast the background field equations of Sec. II and Eq. (5.11) in convenient, dimensionless forms. To achieve this
we introduce the central density ρc := ρ(r = 0), the central pressure pc := p(r = 0), the length scale r0 defined by
r20 := (n + 1)pc/(4piρ
2
c), and the mass scale m0 := 4piρcr
3
0. A useful dimensionless parameter is b := pc/ρc = Kρ
1/n
c ,
which can act as a substitute for the central density as a label of polytropic models. A frequently encountered
combination of scaling quantities is m0/r0 = (n+ 1)b.
We next introduce the dimensionless, Lane-Emden-type variables ξ, θ, and ν, such that r = r0ξ, ρ = ρcθ
n,
p = pcθ
n+1, µ = ρcθ
n(1 + nbθ), and m = m0ξ
3ν. The equations that determine the internal structure of the
unperturbed polytrope are then
ξ
dν
dξ
= θn(1 + nbθ)− 3ν (A1)
and
ξ
dθ
dξ
= −ξ2f−1[1 + (n+ 1)bθ](ν + bθn+1), (A2)
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with f = 1− 2(n+ 1)bξ2ν. An equation can also be displayed for the gravitational potential ψ, but this is not needed
to calculate the Love numbers. The integrations begin at ξ = 0 with θ(0) = 1 and ν(0) = 13 (1 + nb). They proceed
until ξ = ξs at which θ = 0 and ν = νs. The body’s compactness can then be calculated as 2M/R = 2(n + 1)bξ
2
s νs.
In the limit b→ 0 the equations reduce to the standard Lane-Emden form.
The dimensionless version of Eq. (5.11) is
ξ
dκ`
dξ
+ κ`(κ` − 1)− Pκ` −Q = 0, (A3)
with
P = (n+ 1)bξ2θnf−1
[
1 + (n+ 1)bθ
]
, (A4a)
Q =
1
f
{
`(`+ 1)− 2(n+ 1)bξ2
[
2ν + (2λ− 1)θn(1 + (n+ 1)bθ)]}. (A4b)
The integration begins at ξ = 0 with κ` = `+ 1 and proceeds until ξ = ξs at which κ` = κ
s
`.
In practice it is helpful to use x := ln ξ as the independent variable, and to start the integration at a large, negative
value of x. Starting values for θ, ν and κ` can be obtained from the Taylor expansions θ = 1 + θ2ξ
2 + θ4ξ
4 + · · · ,
ν = 13 (1 + nb) + ν2ξ
2 + ν4ξ
4 + · · · , and κ` = ` + 1 + κ`,2ξ2 + κ`,4ξ4 + · · · , in which the various coefficients can be
determined from the differential equations.
[1] E. E. Flanagan and T. Hinderer, Constraining neutron star tidal Love numbers with gravitational wave detectors, Phys.
Rev. D 77, 021502(R) (2008), arXiv:0709.1915.
[2] T. Hinderer, Tidal Love numbers of neutron stars, Astrophys. J. 677, 1216 (2008), erratum: Astrophys. J. 697, 964 (2009),
arXiv:0711.2420.
[3] T. Hinderer, B. D. Lackey, R. N. Lang, and J. S. Read, Tidal deformability of neutron stars with realistic equations of state
and their gravitational wave signatures in binary inspiral , Phys. Rev. D 81, 123016 (2010), arXiv:0911.3535.
[4] L. Baiotti, T. Damour, B. Giacomazzo, A. Nagar, and L. Rezzolla, Analytic modeling of tidal effects in the relativistic
inspiral of binary neutron stars, Phys. Rev. Lett. 105, 261101 (2010), arXiv:1009.0521.
[5] L. Baiotti, T. Damour, B. Giacomazzo, A. Nagar, and L. Rezzolla, Accurate numerical simulations of inspiralling bi-
nary neutron stars and their comparison with effective-one-body analytical models, Phys. Rev. D 84, 024017 (2011),
arXiv:1103.3874.
[6] J. Vines, E. E. Flanagan, and T. Hinderer, Post-1-Newtonian tidal effects in the gravitational waveform from binary
inspirals, Phys. Rev. D 83, 084051 (2011), arXiv:1101.1673.
[7] F. Pannarale, L. Rezzolla, F. Ohme, and J. S. Read, Will black hole-neutron star binary inspirals tell us about the neutron
star equation of state? , Phys. Rev. D 84, 104017 (2011), arXiv:1103.3526.
[8] B. D. Lackey, K. Kyutoku, M. Shibata, P. R. Brady, and J. L. Friedman, Extracting equation of state parameters from
black hole-neutron star mergers. I. Nonspinning black holes, Phys. Rev. D 85, 044061 (2012), arXiv:1109.3402.
[9] T. Damour, A. Nagar, and L. Villain, Measurability of the tidal polarizability of neutron stars in late-inspiral gravitational-
wave signals, Phys. Rev. D 85, 123007 (2012), arXiv:1203.4352.
[10] J. S. Read, L. Baiotti, J. D. E. Creighton, J. L. Friedman, B. Giacomazzo, K. Kyutoku, C. Markakis, L. Rezzolla, M. Shi-
bata, and K. Taniguchi, Matter effects on binary neutron star waveforms, Phys. Rev. D 88, 044042 (2013), arXiv:1306.4065.
[11] J. E. Vines and E. E. Flanagan, First-post-Newtonian quadrupole tidal interactions in binary systems, Phys. Rev. D 88,
024046 (2013), arXiv:1009.4919.
[12] B. D. Lackey, K. Kyutoku, M. Shibata, P. R. Brady, and J. L. Friedman, Extracting equation of state parameters from
black hole-neutron star mergers: Aligned-spin black holes and a preliminary waveform model , Phys. Rev. D 89, 043009
(2014), arXiv:1303.6298.
[13] M. Favata, Systematic parameter errors in inspiraling neutron star binaries, Phys. Rev. Lett. 112, 101101 (2014),
arXiv:1310.8288.
[14] K. Yagi and N. Yunes, Love number can be hard to measure, Phys. Rev. D 89, 021303 (2014), arXiv:1310.8358.
[15] S. A. Hughes, Evolution of circular, nonequatorial orbits of Kerr black holes due to gravitational-wave emission. II. Inspiral
trajectories and gravitational waveforms, Phys. Rev. D 64, 064004 (2001), arXiv:gr-qc/0104041.
[16] R. H. Price and J. T. Whelan, Tidal interaction in binary-black-hole inspiral , Phys. Rev. Lett. 87, 231101 (2001), arXiv:gr-
qc/0107029.
[17] K. Martel, Gravitational waveforms from a point particle orbiting a Schwarzschild black hole, Phys. Rev. D 69, 044025
(2004), arXiv:gr-qc/0311017.
[18] N. Yunes, A. Buonanno, S. A. Hughes, M. C. Miller, and Y. Pan, Modeling extreme mass ratio inspirals within the
effective-one-body approach, Phys. Rev. Lett. 104, 091102 (2010), arXiv:0909.4263.
14
[19] N. Yunes, A. Buonanno, S. A. Hughes, Y. Pan, E. Barausse, M. C. Miller, and W. Throwe, Extreme mass-ratio inspirals
in the effective-one-body approach: Quasicircular, equatorial orbits around a spinning black hole, Phys. Rev. D 83, 044044
(2011), arXiv:1009.6013.
[20] K. Chatziioannou, E. Poisson, and N. Yunes, Tidal heating and torquing of a Kerr black hole to next-to-leading order in
the tidal coupling , Phys. Rev. D 87, 044022 (2013), arXiv:1211.1686.
[21] D. Bini, T. Damour, and G. Faye, Effective action approach to higher-order relativistic tidal interactions in binary systems
and their effective one body description, Phys. Rev. D 85, 124034 (2012), arXiv:1202.3565.
[22] S. Chakrabarti, T. Delsate, and J. Steinhoff, New perspectives on neutron star and black hole spectroscopy and dynamic
tides (2013), arXiv:1304.2228.
[23] S. Chakrabarti, T. Delsate, and J. Steinhoff, Effective action and linear response of compact objects in Newtonian gravity ,
Phys. Rev. D 88, 084038 (2013), arXiv:1306.5820.
[24] S. R. Dolan, P. Nolan, A. C. Ottewill, N. Warburton, and B. Wardell, Tidal invariants for compact binaries on quasicircular
orbits, Phys. Rev. D 91, 023009 (2015), arXiv:1406.4890.
[25] D. Bini and T. Damour, Gravitational self-force corrections to two-body tidal interactions and the effective one-body for-
malism, Phys. Rev. D 90, 124037 (2014), arXiv:1409.6933.
[26] E. Poisson and C. M. Will, Gravity: Newtonian, Post-Newtonian, Relativistic (Cambridge University Press, Cambridge,
England, 2014).
[27] M. Favata, Are neutron stars crushed? Gravitomagnetic tidal fields as a mechanism for binary-induced collapse, Phys.
Rev. D 73, 104005 (2006), arXiv:astro-ph/0510668.
[28] T. Damour and A. Nagar, Relativistic tidal properties of neutron stars, Phys. Rev. D 80, 084035 (2009), arXiv:0906.0096.
[29] T. Binnington and E. Poisson, Relativistic theory of tidal Love numbers, Phys. Rev. D 80, 084018 (2009), arXiv:0906.1366.
[30] S. L. Shapiro, Gravitomagnetic Induction during the Coalescence of Compact Binaries, Phys. Rev. Lett. 77, 4487 (1996).
[31] X.-H. Zhang, Multipole expansions of the general-relativistic gravitational field of the external universe, Phys. Rev. D 34,
991 (1986).
[32] J. L. Synge, Relativistic hydrodynamics, Proc. London Math. Soc. 43, 376 (1937).
[33] P. Landry and E. Poisson, Relativistic theory of surficial Love numbers, Phys. Rev. D 89, 124011 (2014), arXiv:1404.6798.
